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1 Introduction 



The action of Maxwell-Chern-Simons theory [1-5] in four spacetime di- 
mensions consists of the standard Maxwell term together with a single super- 
renormalizable term, the so-called Chern-Simons-like term, which is gauge- 
invariant but not Lorentz-invariant. This Chern-Simons-like term could arise 
from the CPT anomaly of chiral gauge theory over a topologically nontrivial 
spacetime manifold [6-8] or from a new type of quantum phase transition in a 
fermionic quantum vacuum [9-11]. For a brief discussion of other possibilities, 
see, e.g., Ref. [3]. 

Light propagation and photon properties in Maxwell-Chern-Simons theory 
have been studied extensively. A modified dispersion relation allows for new 
effects, such as birefringence of the vacuum [1,2] and photon triple-splitting 
[4,5]. The present article considers Maxwell-Chern-Simons theory minimally 
coupled to gravity and, again, novel phenomena for the propagation of light 
appear. 

The outhne of this article is as follows. Section 2 gives the model considered 
and establishes the conventions. Section 3 discusses geometrical optics and 
Section 4 presents some explicit calculations in a Schwarzschild background 

(similar results on the rcdshift in a Robertson-Walker background arc given 
in the Appendix A). Section 5 summarizes the main results and, very briefly, 
indicates possible physics applications. 



2 Model 

The action of spacelike Maxwell-Chern-Simons (MCS) theory [1] in four- 
dimensional Minkowski spacetime with metric gab{x) = rjab and Levi-Civita 
symbol e"'"^'^ reads 

^ OJinkowski) ^ I 1 p^^j,^ ^ca^ab _ 1 ^ ^abcd ^^^^^ _ (2.I) 
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It consists of the standard quadratic action of Maxwell electrodynamics in 
terms of the field strength, 



Fa, = daA,-d,Aa, (2.2) 

plus a so-called Chern-Simons-hke term. ^ The latter is characterized by a 
mass parameter m (for definiteness, taken positive) and a fixed spacelike 
"fourvector" 

C=(0,C), |C| = 1, (2.3) 

which breaks the isotropy of space. 

In this article, we consider only the case of a (purely) spacelike vector (^", 
as the other possibilities are expected to lead to problems with causality or 
unitarity [1,3]. Moreover, is assumed to be constant, 

dbC^O. (2.4) 

The following conventions are adopted throughout: normalization e'^^^^ = 1, 
metric signature —2, and natural units with H — c — 1. Note also that, even 
though the results of this article are obtained for classical waves, we will 
speak freely about "photons," assuming that the quantization procedure can 
be performed successfully; cf. Refs. [3,4]. 

The action (2.1) can be minimally coupled to gravity. One possibility for 
the couphng is given by the following action [12]: 

S = Seh + >S'mcs + ■ ■ ■ ) (2.5) 

SEH^Jd'^xe^, (2.6) 

^Mcs = / d'x (-e ^ F,,F,^ g^^'g^'' - ^ m e'^^'^'^A.F^,) , (2.7) 



^ A genuine topological Chern-Simons term exists only in an odd number of space- 
time dimensions. The Chern-Simons-like term in four dimension will be seen to 
have a nontrivial dependence on the metric structure of the spacetime manifold. 
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for the case of a Cartan-connection F"^^^ = (i.e., a torsion-free theory 
[13]), so that definition (2.2) still holds. In addition, g^„{x) is the metric, 
e^{x) the vierbein with e{x) = dete"(a;), R = g'^'^Rf^u the Ricci curvature 
scalar which enters the Einstein-Hilbert action (2.6), 1/{2k) = l/(167rG') the 
coupling constant in terms of Newton's constant G, and e'^^^'^ the Levi-Civita 
tensor density (with a weight opposite to that of the integration measure d^x) . 
As will be seen shortly, this action is not entirely satisfactory and further 
contributions are needed, hence the ellipsis in Eq. (2.5). 

The covariant generalization of condition (2.4), D^^d, = 0, might seem nat- 
ural. But this condition imposes strong restrictions on the curvature of the 
spacetime [12] and we follow Ref. [1] in only demanding to be closed, 

- ^.Cm = ^mC. - 5.Cm = 0. (2.8) 

This requirement ensures the gauge invariance of action (2.7). Furthermore, 
we assume that the norm of C'* is constant, 

W = -1- (2.9) 

This last condition is not absolutely necessary, but simplifies the calculations. 

The field equations for the gauge fields, obtained by variational principle 
from the action (2.7), read 

D^F'^^'^mCJ^'', (2.10) 

in terms of the dual field strength tensor F'^'^ = 1/(2 e) e'^^'^'' F^j, . However, 
the equations of motion for the gravitational fields, obtained by variational 
principle from the combined action (2.6) and (2.7), contradict [12] the Bianchi- 
identities, which require a conserved symmetric energy-momentum tensor. 
This implies that, at this level, gravity cannot be treated as a dynamical 
field and can only be considered as a background for the propagation of MCS 
photons. In the present article, we, therefore, focus on the physical effects from 
the simple model action (2.7). 
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3 Geometrical optics 



In this section, we study the geometrical-optics approximation of modified 
electrodynamics (2.7) in a curved spacetime background. We start by deriving 
a modified geodesic equation from the equation of motion (2.10). A plane- wave 

Ansatz, 

Af'ix) = Cix) e*^(^) , (3.1) 
in the Lorcntz gauge D^A'^ = 0, gives then 

-eD^S D^S C'^im C^e^'^P'' DpS (3.2a) 

and 

Di^D^S = 0. (3.2b) 

Here, we have neglected derivatives of the complex amphtudes and a term 
involving the Ricci tensor (the typical length scale of A^ is assumed to be 
much smaller than the length scale of the spacetime background). The equality 
signs in Eqs. (3.2ab) are, therefore, only valid in the geometrical-optics limit. 
As usual, we define the wave vector to be normal to surfaces of equal phase, 

K = D^S. (3.3) 

See, e.g., Refs. [13,14] for further discussion of the geometrical-optics approx- 
imation. 

Prom Eq. (3.2a), follows a condition on the wave vector, 

{k,kn' + m%k''CC. - m' {C.k'^f = , (3.4) 

which is essentially the same dispersion law as in fiat spacetime. There exist 
two inequivalent modes, one with mass gap and the other without, 

ki'k^, = m72 ± m y^^^74T(C^^^? ■ (3-5) 
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In the following, we will refer to these polarization modes as the "massive" 
mode (denoted ®, because of the '+' sign in the dispersion law above) and 
the "massless" mode (denoted Q, because of the '— ' sign). See also Fig. 1 of 
Ref. [3] and the discussion there. 

It can be seen from dispersion law (3.4) that the wave vector k'^ is no longer 
tangent to geodesies, 

2kPkn 



77? 

^'^^M^A = TTTT^ {k^ + CCku)D,kx + Ck,k^D,Cx ¥^0. (3.6) 



p 

The structure of Eq. (3.6) suggests, however, the definition of a "modified 
wave vector" for the case k'^kp ^ 0, 

2 

2kPkn 



which has constant norm, 

k% = mV4 > 0. (3.8) 
This modified wave vector does obey a geodesic-like equation, 

k^^D^kx = 0, (3.9) 

as follows by differentiation of (3.8), using (2.8) and (2.9). 

In the flat case, k'^ corresponds to the group velocity, which is also the 
velocity of energy transport [15]. Therefore, k^ must be tangent to geodesies 
that describe the paths of "light rays." Because the norm of k'^ is positive, 
Eq. (3.9) describes timelike geodesies instead of the usual null geodesies for 
Maxwell light rays. The vector k^ in Maxwell-Chern-Simons theory, defined 
by Eq. (3.3), no longer points to the direction in which the wave propagates, 
but the vector k^, defined by Eq. (3.7), does. 

4 SchwEirzschild background 

In this section, we investigate, for Maxwell-Chern-Simons (MCS) theory, 
light propagation in a fixed Schwarzschild background. The Schwarzschild line 
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element is given by: 

2GM\ , ^ 2GM\-^ 



f 1 — j dt^ - il — j dr^ - r^dd^ - sin^ 9 dcj)^. (4.1) 



It is assumed that a geodesic "starts" at a point Pq in the asymptotically flat 
region, where Minkowski coordinates can be chosen. Furthermore, we assume 
that it is possible to choose ° = at the starting point of the geodesic. 
The wave vector at the starting point Pq can then be written as k'^\po — 
{oj,k) for C^Ipo = (0)0- A final assumption is that the Chern-Simons mass 
parameter m, which sets the energy scale of the photon, must be very much 
smaller than M, so that the distortion of the Schwarzschild metric by a photon 
energy of order m can be neglected. 

The symmetries of the Schwarzschild solution yield two constants of motion 
[13], which will be called e and I. They are given by 
2E 2 ~ 

e= — = -^^.er (4.2a) 
m m 

and 

or 2 ~ 

£=_ = _^^/^r, (4.2b) 
m m 

where and ip'^ denote the timelike and rotational Killing fields of the 
Schwarzschild metric. The constants of motion e and £ have mass dimension 
and —1, respectively. Physically, E and L can be interpreted as the total 
energy and the total angular momentum of an MCS photon. In general, they 
are different for the ©- and 0-modes, even if they have the same asymptotic 

— * 

momentum k\pQ. 

4-1 Bounded orbits 

For the standard theory of electrodynamics as formulated by Maxwell, there 
exist only unstable circular orbits of light rays in a Schwarzschild background 
[13]. But, for Maxwell-Chern-Simons theory, there are also stable circular 
orbits, as will be shown in this subsection. 
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The constants of motion (4.2ab) allow for the reduction of the geodesic 
equation to a one-dimensional problem [13], 



1 .2 If 2GM\ f \ 1 2 



where the dot indicates differentiation with respect to the proper time r for the 
case of timelike geodesies (with constant x = 1) and an affine parameter a for 
the case of null geodesies (with constant x = 0). Mathematically, one already 

observes that the solution space of the differential equation (4.3) for X = 1 
is, in particular, determined by the dimensionless constant £^/(4G^M^) ~ 
Ly{G^M^m^). 

Equation (4.3) is formally equivalent to the problem of a nonrelativistic, 
unit-mass particle with energy moving in an effective potential. 

As for nonrelativistic mechanics, the minima of the effective potential corre- 
spond to (locally) stable orbits and the maxima to unstable orbits. 

The effective potential (4.4) can indeed have a minimum for timelike geo- 
desies [13] and a stable bounded orbit becomes allowed for an MCS photon. 
This minimum exists only for £^ > 12G^M^ (or > 3 G^M^ w?) and is given 

by 

e + - 12 G'2M2^2 
i?n.in = , (4.5a) 

with corresponding dimensionless energy 

e(^mm) = , ■ (4.5b) 

(i?min - SGM) 

From Eq. (4.5a), we observe that the smallest stable circular orbit has a ra- 
dius just above three times the Schwarzschild radius i?schw[-^] = 2GM/c^ 
for angular momentum L just above -\/3/2mcit!schw[-^]) with c temporarily 
reinstated. The binding energy of an MCS photon in the last stable circular 
orbit is approximately 6%; cf. Eq. (6.3.23) of Ref. [13]. 
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These stable orbits are only relevant for low-energy photons, since the in- 
equalities 2v^/3 < e < 1 imply ^mj?) < E < m/2. Note, however, that 
even in the asymptotically flat region, the wave vector component fc^ does not 
coincide with E. For a stable circular orbit in the asymptotically flat region 
(£2 > UC^M^), one has ~ m/2. But, for an MCS ©-photon in such an 
orbit with the additional condition C^kn = or ^ || one obtains ~ m, 
because 

2 ,n 2 / 2GM\ ( \ ,n , . s 



m m 



More generally, if E is of order m, /c" is of order m or smaller because of the 
following inequalities: 

2 / 2GM\ 1 / 

The effective potential (4.3) can also have a maximum for timelike geodesies 
[13], corresponding to an unstable bounded solution. Again, the maximum 
exists only for > 12 G^M^ and is given by 

^2 - - 12 G^MH'^ 

2GM ' ^'-'^^ 

with dimensionless energy 

^ -Rmax — 2GM ou^ 

e(-Rmax) = , • (4.8b) 

'-Rmax(-Rmax " 3GM) 



The radii of these unstable orbits lie between 3GM and 6GM. 

To enable the comparison with standard Maxwell electrodynamics, it is 
useful to express the constants of motion (4.2) in terms of the constants of 
motion for a standard photon with the same initial momentum k\pQ. These 
constants of motion will be called Eq and Lq. Specifically, they are given by 



Eo= {1- 2GM/r) k^ (4.9a) 

^0 
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general 


-Ro.min: no 


solution 


result for 


Eo,mm' no 


solution 


all values of Lq 


-^0,max = 


= 3GM 




-^0,max 


1 






GMV27 



Table 1 

Bounded orbits for standard photons (energy Eq and angular momentum Lq) in a 
Schwarzschild background. The quantities -Ro,min (-Ro,max) and -Eo,min {Eo,max) refer 
to minima (maxima) of the effective potential (4.4) for x = 0) which correspond to 
stable (unstable) circular orbits. 



and 



Lo = -r sin0 , (4.9b) 
^0 



where asymptotic Minkowski coordinates have been chosen (Cartesian x, y, z, 
and cylindrical p,(l),z) with e^; || A; and azimuthal angle of point Pq measured 
from the Physically, these constants of motion can be interpreted as 

energy and angular momentum of a photon with initial momentum k\pg. The 
"standard" photon is defined by the action (2.7) with m = 0, hence the 
subscript zero on these constants of motion. Of course, the constants of motion 
E and L for the MCS photon, as defined by Eqs. (4.2ab), tend towards Eq 
and Lq in the limit m — > 0. 

As mentioned above, for standard photons (null geodesies), only unstable 
orbiting solutions exist [13], with a radius given by 

i?o,max = SGM (4.10a) 



10 



general 



result for 



i?rnin: no solution 



emin: no solution 



Rmax' no solution 



€max: no solution 



general 



result for 



f > 12 G^M^ 



e+V £^-12 G'^M^i 
2GM 



■sj -Rmin(-Rmiii — 3GM) 

e-^/ (.^-12 G'^M'^P 
2GM 



-\/ -Rmax(-Rmax — 3GM) 



limit 



2y/2 



GO 



Rm^ ^ 6GM 



limit 



^7(12G^M^)^oo 



i?ma. ^ 3GM 



V2 



1 



GMVff 



GMV27 



Table 2 

Bounded orbits for Maxwell-Chcrn-Simons photons in a Schwarzschild background. 
The quantities i?min (Rmax.) and emin (cmax) refer to minima (maxima) of the effec- 
tive potential (4.4) for % = 1, which correspond to stable (unstable) circular orbits. 
The following definitions have been used: e = 2E/m and £ = 2L/m, in terms of the 
energy E, angular momentum L, and Chern-Simons mass scale m. 



and energy 

Eo{Ro,max) 



GMV27 



(4.10b) 



The behavior of MCS photons in unstable orbits for large angular momentum 
L ^ GMm is similar to that of standard photons. We find essentially the 
same values for the radii it!max and i?o,max, as well as for the ratios E-^iax/ L 
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Fig. 1. Definitions for unbounded orbits in the Schwarzschild background: minimal 
distance D and deflection angle dcj) = A(f) — it. 

and i?o,max/-Z^o- The case of the standard photon is, therefore, recovered in the 
limit of large angular momentum. But, in MCS theory with a nonzero mass 
parameter m, there always exist additional stable bounded solutions, at least 
for large enough angular momentum. 

Towards the other extreme of parameter space, < 3G^M^m^, bounded 
orbits are no longer possible for MCS photons. In the limit m — > 0, this 
requirement for cannot be fulfilled because is positive and the qualita- 
tively different behavior of MCS photons is perhaps not altogether surprising. 
At = SG^M^m^, there appears a marginal (unstable) solution with radius 
R = 6 CM, which, for larger values of L^, bifurcates to a stable solution with 
larger radius and an unstable one with smaller radius. 

Tables 1 and 2 summarize these results. 

4-2 Deflection of light: special initial conditions 

We now turn to the unbounded orbits of MCS photons in a given Schwarz- 
schild background. An unbounded orbit is characterized by a deflection angle 

5(f) = A(f) — 71 and a "distance of closest approach" D; sec Fig. 1. These 
quantities depend on the initial value of k^CulPo ^.nd may differ for the two 
polarization modes, denoted © and 0, as explained in the sentence below 
Eq. (3.5). 

In the following, we will refer to the initial condition k\pQ \\ C|po as the 
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— ♦ — ♦ 

"parallel case" and to the initial condition k\pg ± CIpo "perpendicular 
case." Three different initial conditions will be discussed explicitly. The first 
two are for the parallel case with either a ©- or a 0-mode. The third refers 
to the perpendicular case, but only for the ©-mode, as k'^ may be not well- 
defined for the 0-mode. 

The constants of motion for the ®- and 0-modes coincide in the parallel 
case, so that both modes follow the same geodesic. This is not quite trivial, 
since the wave vector component differs for the two modes. For nonparallel 
C|po and k\pQ, the constants of motion do not coincide and the geodesies for 

— * 

the 0- and 0-mode with same initial momentum k\pg differ. 

Specifically, the constants of motion for the parallel case, expressed in terms 
of the constants of motion for the standard photon, are 



parallel case / A En 

= 1/^ + 1 4.11a 

MCS V ^ ^ 

and 

parallel case 2 



i 



Lo, (4.11b) 

MCS m ^ ^ 



which hold for both 0- and 0-modes of MCS theory. For the perpendicular 
case, one finds 



and 



perp. case / En 

= + 1 4.12a 

MCS e V ^ ^ 



perp. case ^Lo 

MCS em 



which hold for the ©-mode. 

The "turning points" D can also be compared. For MCS photons, D is given 
by the largest root of the following cubic equation in r: 

f 2GMe 2GM 



+ 1 = e^ (4.13) 
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while, for standard photons, one has to solve: 

Ll 2GMLI „ 

^-^:r^-El. (4.14) 
The cubic (4.13) for parallel MCS ®- and 0-photons reduces to: 

and the one for perpendicular MCS ©-photons to: 

It is relatively easy to see by graphical methods that the turning point (dis- 
tance of closest approach) D is smaller for MCS photons than for standard 
photons with the same initial momentum. In addition, the turning points 
differ between the perpendicular and the parallel case: D is smaller for the 
perpendicular case than for the parallel case. 

Next, we calculate the deflection angle (50. It is explicitly given by 



oo 



6(j) = 2 dr = -TT. (4.16) 

■Id r^e^ - (1 - 2G'M/r)(£Vr2 + x) 

We, again, discuss the three cases just mentioned. A direct calculation with £ 
as independent variable turns out to be difficult. Instead, we take the turning 
point D as independent variable. This means that we are comparing photons 
with the same distance of closest approach rather than having the same 
momentum or angular momentum. 

The contributions to first order in GM/D read for standard photons: 



5(t) 



~— — , (4.17a) 

standard 



for parallel MCS ©- and G-photons: 
50 



parallel case ^QJ^ ( I , 

1 + oT^ h (4-17b) 



MCS 
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and for perpendicular MCS ©-photons: 



50 



perp. case 



Mcse 



D 




) 



(4.17c) 



These resuhs show that the modifications are quadratic in the ratio of the 
Chern-Simons mass scale m over the photon energy. 

4-3 Deflection of light: general considerations 

Because of the symmetries of the Schwarzschild metric, the spacetime coor- 
dinates can be chosen so that a geodesic is confined to the "equatorial plane," 
9 — 7r/2. But, the equatorial planes of a standard photon and an MCS photon, 

— * 

with same initial momentum k\pQ, need not coincide. 

Now, choose particular asymptotic Minkowski coordinates, so that k is con- 
fined to the x-y plane. The angle ip between the two equatorial planes is then 
determined by 



with a = m'^/{2ki'k^,). 

The deflection of MCS light rays in a Schwarzschild background has, in 
general, two new contributions. First, the geodesic describing the path of light 
is timelike and, therefore, differs from the usual case. Second, the equatorial 
plane to which the geodesic is confined can be different from the usual case. 
This is because, as mentioned before, the wave vector k'^ does not generally 
point to the direction of propagation, which is determined by the modified 
wave vector k^^ as defined by (3.7). 

The equatorial planes of an MCS photon and a standard photon with same 
initial momentum k\pQ do coincide for the parallel and perpendicular cases 
discussed in the previous subsection. The reason is that the component in 
the numerator of Eq. (4.18) vanishes for the parallel case and that the inner 

— * — * 

product k ■ C, does so for the perpendicular case. For generic initial conditions. 




(4.18) 
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however, the angle between the two equatorial planes must be taken into 
account, in addition to the modification to the defiection angle by the timelike 
path. 



4-4 Gravitational redshift 

The modified geodesic equation also changes the gravitational redshift. Con- 
sider two static observers in a Schwarzschild background, i.e., two observers 
whose four- velocities and U2 are tangent to the static KiUing field ^'^ of the 

Schwarzschild geometry. The frequency of a wave passing by, measured by a 
static observer at point Pi, reads then 



ooi = k^u,\p, = k^^, (re.)"'^' |p, = k'Jl- 2GM/r 



Pi 



(4.19) 



For standard electromagnetic waves, the absolute and relative redshifts in a 
Schwarzschild geometry are given by [13] 



0J2 



1 - 2GMlr2 
\ 1 - 2GM/ri 



(4.20a) 



and 



uji - 002 GM GM 



r2 



+ O ({GM/r^^f) , 



(4.20b) 



with Tmin = min(ri,r2). 

Assuming C,"'e^\p^ — 0, the constant of motion (4.2a) for Maxwell-Chern- 
Simons waves of frequency (4.19) can be written as follows: 



2 / 
e = — I 1 - 



m \ 2ki^k,, 



2GM\^I'^ 



(4.21) 



so that 



^ 1 - 2GM/r2 
uj2~ \l- 2GM/r^ ' 



(4.22) 
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with 

(l-mV(2«J)|p_ ■ ^ ■ ' 

The relative redshift is then given by 

5^ _ /GM _ GMX ^ _ ^ Q naulr^^f) . (4.24) 

In contrast to the results (4.17bc) for the deflection angle, the change of the 
redshift {j3 7^ 1) may be a linear effect in m, since it can be seen from (3.5) 
that the first contribution to k'^k^ can be linear in m. 

In order to evaluate (5 explicitly, we have to specify the wave vector k^ in 
relation to the parameter C'^. For simplicity, we make two approximations. 

First, assume that C,^k^ = holds at the two points Pi and P2. In contrast 
to the previous discussion for the deflection of light, this is really an approxi- 
mation, since this condition must hold at both points Pi and P2 . Again, only 
the ©-mode will be discussed. Using the dispersion law (3.5), we flnd in the 
"perpendicular approximation" 



/3 



perp. approx. 



= 1, (4.25) 

MCS © 



which implies that the gravitational redshift (4.22) is not modifled compared 
to the case of standard photons. 

— * — * 

Second, assume that k is parallel to C, at the points Pi and P2. These three- 
vectors refer to the space components of k^ and C^, respectively, in the coordi- 
nate system corresponding to the Schwarzschild line element (4.1). Concretely, 
one has 

y\p,^XiC'\Pi, XiT^O, (4.26) 
for i = 1,2 and j = r,6,(l). Then, the following relation holds: 

±mu;± \p, , (4.27) 



Ffc.lp. = ±^m?k^ko 



p 

where the subscript on a; refers to the ©-mode and '—'to the ©-mode. 
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By inserting (4.27) into (4.22), we find 



oj^^^ ^ m/2 _ 1 - 2GM/r2 
cu±_2 T m/2 ~ \ 1 - 2GM/ri ' 



(4.28) 



and the relative gravitational redshift becomes 



parallel approx. 



MCS 




2a;±,i 



m 



) 



. (Schw.) ^ * (Schw.) / - 

^standard — U ^standard ' \'±-'^v) 



in terms of the relative gravitational redshift of standard photons in a Schwarz- 
schild background, 



Apparently, the redshifts of ©- and Q-modes differ in this approximation. 
With m > 0, the redshift for a parallel G-photon is larger than for a standard 
photon and the redshift for a parallel ©-photon smaller. The effect is signifi- 
cant for frequencies of order m, but tends to zero for higher frequencies. The 
modified redshifts in the parallel approximation are shown in Fig. 2. 

The parallel approximation is a nontrivial restriction and, strictly speak- 
ing, may only be applicable for sufficiently short geodesic segments. Still, we 
conjecture that the splitting up of the two MCS photon modes is a general 
phenomenon. The redshift results for a Robertson-Walker universe (see Ap- 
pendix A) indeed suggest that the effect appears in general curved spacetime 
backgrounds and is not confined to the Schwarzschild background. 

5 Conclusion 

The main topic of the present article has been the coupling of Maxwell- 
Chern-Simons theory to gravity. But, treating the gravitational field dynami- 
cally leads to incompatibilities between the field equations and the spacetime 
geometry [12]. Therefore, we have only been able to consider the gravitational 
effects from a fixed spacetime background, as described by the action (2.7). 



'standard — 



(Schw.) _ 




(4.30) 
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-I \ 1 \ \ — X 

12 3 4 

Fig. 2. Modification of the gravitational redshift for two polarization modes of 
Maxwell-Chern-Simons photons in the parallel approximation (4.26). The rela- 
tive redshift {uj±^i — uj±^2)/'-^±,i from Eq. (4.29), divided by the relative redshift 
for standard photons, is denoted y and the normalized frequency x = uj±^i/m. For 
the "massive" ©-mode, the norm k^^k^ = uP — \k\'^ is equal to or larger than m? , so 
that x>\. 

Using the approximation of geometrical optics, we have found new phenom- 
ena for the propagation of Maxwell-Chern-Simons waves in a given gravita- 
tional background. In particular, it was observed that the wave vector no 
longer obeys a geodesic equation. A modified wave vector can, however, 
be defined, which is tangent to timelike geodesies; see Eqs. (3.7) and (3.8). In 
the flat limit, corresponds to the group velocity and the interpretation is 
that generally these timelike geodesies describe the "light rays" of Maxwell- 
Chern-Simons theory. 

The timelike geodesies allow for having light rays in stable bounded orbits 
around a nonrotating, spherically symmetric mass distribution, as described 
by the static Schwarzschild metric. Also, the parameters for unbounded orbits 
in a Schwarzschild background and the corresponding redshifts were discussed 
in some detail. 

It is noteworthy that, in spite of the fundamental inconsistencies which occur 
for coupling Maxwell-Chern-Simons theory to gravity, the light rays are found 
to be simple geodesies. The results of Refs. [1,3] suggest that Maxwell-Chern- 
Simons theory (2.7) with a spacelike fourvector C,>^ preserves causality. The 
fact that the geodesies found are timelike further supports this suggestion. 
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For timelike fourvector on the other hand, we find that hght would follow 
spacelike geodesies, which would, again, indicate that Maxwell-Chern-Simons 
theory with a timelike parameter violates causality. 

The effects discussed in this article (e.g., stable bounded orbits and modified 
redshifts) are significant for wave frequencies of the order of the Chern-Simons 
parameter m. If the model considered applies directly to the photon, the astro- 
nomical bounds on m in the present universe are very tight [1,2] , m < 10~^^ eV, 
and the results of the present article are, most likely, unobservable. But, for 
a Chern-Simons term arising from a nontrivial spacetime structure or from 
a quantum phase transition of a fermionic quantum vacuum, it is possible to 
imagine circumstances where m is no longer extremely small ^ and the effects 
discussed may perhaps become observable. 
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^ It may be helpful to give two concrete examples, one from cosmology and the 
other from condensed-matter physics. For an expanding flat Priedmann-Robertson- 
Walker universe with a compact spatial dimension L = L{t), the Chern-Simons pa- 
rameter from the CPT anomaly [6-8] is, in first approximation, given by m ^ a/ L, 
which would have been larger in an earlier epoch than at present. For an ultracold 
gas of fermionic atoms (mass M) with p-wavc pairing [9-11], the anomalous Chern- 
Simons parameter m is proportional to the Fermi momentum pp = \/2MJjl, where 
the effective chemical potential jJL = ij.{B) can be tuned by the external magnetic 
field B in the vicinity of a Feshbach resonance. In both cases, the strength of the 
anomalous Chern-Simons term depends on "external" parameters (here, t and B). 
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A Redshift in a Robertson- Walker universe 



In this appendix, we consider the redshift of Maxwell-Chern-Simons (MCS) 
photons in a Robertson-Walker (RW) universe. The line element is given by 

[13] 

ds^ ^df -a\t)dQ^, (A.l) 

with scale factor a{t) and 

+ sin^ ^ {d9'^ + sin^ ed(tP) , 
dn^ =ldx^ + dy' + dz^ , (A.2) 
dxjj'^ + sinh^ (de^ + sin^ Odcf)'^) , 

for positive, zero, and negative curvature, respectively. 

In order to justify the treatment of the redshift as a background problem, 
we could take a closed, matter-dominated Robertson-Walker universe of pos- 
itive curvature, with p the matter density of the universe and pa^ constant 
[13]. The MCS parameter m should then be small compared to the rest mass 
of the universe, m <^ pa^, so that a typical photon energy m can be neglected 
compared to the energy content of the matter. Purely mathematically, how- 
ever, the results of this appendix apply to any Robertson- Walker background 
metric. 

The redshift of a "standard" photon in a Robertson-Walker universe is [13] 
UJ2 a{ti) 



ui a{t2) ' 
and the relative redshift reads 



(A.3) 



. (RW) _ ^1-^2 _ ^ . . ,x 

^standard — ~ " ~77T • K^-^) 

For an MCS photon, we assume C'^w^ = 0, where Ufj, is the four velocity of a 
comoving observer and = C^^^ is the parameter of the action (2.7). The 
following expression for the gravitational redshift of MCS photons is then 
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found: 



( [1 - m^/2k''k^] cuf - m^/A 



1/2 



P2 



a{ti 



( [1 - mV2A;^A;^] cuf -m^/A 



1/2 



0(^2) 



(A.5) 



Pi 



To evaluate (A.5), we use the same approximations as in Section 4.4. As- 
suming C^kfj, = at the points Pi and P2 leads to 



UJ2 



perp. approx. 

Mcs e 



a{ti 



a{t2) 



1 



1 



1 + ^ +0 



m 



(A.6) 



where we have expanded in m/uji and defined ujmin = min(a;i, a;2). Again, this 
expression is only valid for the ©-mode. The parallel approximation C II ^ 
gives for the ©-mode: 



^2 parallel approx. a{ti) 

oJi Mcse a(t2) 
+ 

and for the 0-mode: 

parallel approx. Cl(ti) 



1 + m 
^ 3 



1 



2U2 2u!i 

1 



So;! 4:UJiU2 Sui 



+ 



m 



(A.7) 



u;2 



MCS e 



0(^2) 



+ m 







1 — m ( 


- 1 ) 


L \2u;2 


2u;iJ 



\8U2 4WiU}2 8<^1/ 

To leading order in m, the relative redshifts then read 

perp approx. / 



+ 



m 



. (A.8) 



UJi - 


002 


LUi 




UJi - 


OJ2 






CJi - 


UJ2 





MCS e 

parallel approx. 

MCS e 

parallel approx. 

MCS e 



m a{ti) + a{t2) \ . (rw) 

, ,2 '^(^ ) standard ' 



m 
2uj[ 



A, 



(RW) 
standard ' 



1 + 



m 
2^1 



. (RW) 
standard ' 



(A.9a) 
(A.9b) 
(A.9c) 



in terms of the standard result (A.4). 

Already in the perpendicular approximation, k^C,^ — Q,we find a nonvanish- 
ing effect, in contrast to the Schwarzschild case with Eqs. (4.22) and (4.25). 
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The modification is, however, only of order m^, according to Eq. (A. 6). In an 
expanding universe with a{t2) > a{ti) for ^2 > ^i, the redshift (A. 9a) for the 
perpendicular ©-mode is smaller than for a standard photon. 

In the parallel approximation, we find, to leading order in m, the same result 
as for the Schwarzschild case with Eq. (4.29). The redshift splits up between 
the two modes: with m > 0, the redshift (A. 9b) of a parallel ©-mode in an 
expanding universe is smaller than the one of a standard photon, while the 
redshift (A. 9c) of a parallel 0-mode is larger. 
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E Erratum [Nucl. Phys. B 809 (2009) 362] 



In a previous article [16], we have discussed gravitational effects in Maxwell- 
Chern-Simons (MCS) theory [1], whose action has a bihnear Chern-Simons 
(CS) term added to the standard Maxwell term. In particular, we considered 
MCS light propagation in fixed Schwarzschild and Robertson-Walker space- 
time backgrounds, described by a quartic dispersion relation 

{k^k'^f + ki,k^ CuC - iCi^k^f - , (E.l) 

where /c^ = (cu/c, k) is the wave number four- vector, m the CS mass scale, and 
Cn — Cui^) the spacehke CS "four- vector." The geometrical-optics approxima- 
tion of this theory was considered and a modified wave number four- vector k^ 
was introduced. It was claimed, in Section 3 of Ref. [16], that this obeys a 
geodesic-like equation. However, we have now realized that this statement is 
incorrect. 

Instead of Eq. (3.9) of Ref. [16], the complete equation for k^ reads: 

k^D.h = mV(4 k') (2 k^ C" K/k' - Ca) k^k'' D^Cu , (E.2) 

with k^ = k'^kfj, — g^i, k^k". In general, the right-hand side of (E.2) does not 
vanish and (E.2) is not a geodesic-hke equation. 

Studies of different concrete examples have shown that the results of our 
article are, in general, invalid, despite of the fact that (E.l) implies that k^kfj, 
is of order mu! and that the right-hand side of (E.2) is, therefore, suppressed 
by a factor of order rv? juP' . However, some qualitative and quantitative results 
of Ref. [16] remain vahd for special CS parameters C,ix{^\ 

Consider, first, the case of a Schwarzschild spacetime background, as dis- 
cussed in Section 4 of Ref. [16]. For the following choice of CS parameters 

(G, Cr, Ce, a) = (0, 7r/2-^, -r, 0), (E.3) 

an explicit solution for the modified wavevector k^ can be found, corresponding 
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to the perpendicular ©-modes as discussed in Sections 4.1 and 4.2 of Ref. [16]. 
The results for the deflection angles and the discussion concerning the closed 
orbits remain valid, but, in contrast to the claim in our article, these orbits 
become unstable, because they depend sensitively on the initial conditions. If 
k/j, does not lie entirely in the equatorial plane, the geodesic equation acquires 
a correction term and a simple treatment is no longer valid. 

The Schwarzschild gravitational redshift with parameters (E.3) does not 
differ from the redshift for standard Lorentz-invariant photons. This result 
is consistent with Eq. (4.25) of Ref. [16], since the solution is a perpendic- 
ular ©-mode. More complicated and nonperpendicular examples also show 
no modification compared to the standard redshift, in disagreement with the 
discussion in Section 4.4 in Ref. [16]. 

Consider, next, the case of a spatially-flat Robertson- Walker spacetime 
background with line element 



as discussed in Appendix A of Ref. [16]. But, now, there is the additional 
condition that the nonncgativc scale factor a{t) is bounded from above, so 
that the metric considered does not completely describe an expanding flat 
Priedmann-Robertson- Walker universe [which has a{t) — > oo for t ^ oo]. 
For the following choice of CS parameters (^{t) with constant Ca 7^ 



the splitting of the two modes persists qualitatively, but must be corrected 
quantitatively compared to what is given in Ref. [16]. Remark that (E.5) is, 
up to coordinate transformations, the only choice of CS parameters, which 
fulfills the conditions 



But (E.5) is obviously only defined for a{t) < iCsl- The particular choice of CS 




(E.4) 




(E.5) 



(E.6) 
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parameters (E.5) violates Lorentz and diffeomorphism invariance. These vio- 
lations lead to inconsistencies, when MCS-theory is coupled to gravity. A min- 
imal coupling procedure gives rise to a nonconserved, nonsymmetric energy- 
momentum tensor, which is incompatible with the Bianchi identities [12]. As 
in our original publication [16], gravity is not treated dynamically in this Er- 
ratum but is considered as a background for the propagation of light described 
by dispersion relation (E.l). 

The redshift (or blueshift) behavior of the © and polarization modes in 
a Robertson-Walker spacetime background with line element (E.4) is, to first 
order in m/uj, given by the following expressions: 

U2(s a{ti) V 2 \k\ 

^^m Co(tOa(tO-^Co(t2)a(t2) j^Q(^2^|g|2)^ ^^^^^^ 

with Co{t) defined by the first component on the right-hand side of (E.5). Most 
interestingly, the Robertson- Walker gravitational redshift is different for the 
two MCS polarization modes, already at the first order in m/u!. 

For the benefit of the reader, we now list the problematic equations of our 
original article. The following general equations of Ref. [16] are incorrect as 
they stand: (3.9), (4.18), and (A. 5), together with all equations referring to the 
so-called parallel case. As mentioned above, Eq. (3.9) of Ref. [16] is replaced 
by (E.2) of the present Erratum. The following equations of Section 4 in 
Ref. [16] do not hold in general but do hold for the special parameters (E.3) 
of this Erratum: (4.2)-(4.10), (4.12)-(4.14), (4.15b), (4.16), (4.17c), (4.21)- 
(4.25). Finally, Eqs. (A6)-(A8) of Ref. [16] are replaced by the results (E.7ab) 
for the special parameters (E.5) of this Erratum, where the new results hold 

— * 

for wave vectors k with arbitrary directions. 



]+0{my\kf), 



(E.7a) 



f^i e _ ajh) 
uj2e a(ti) 
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